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Abstract 

We provide a general approach to construct a stochastic process with 
a given consistent family of finite dimensional distributions under a non- 
linear expectation space. We use this approach to construct a generalized 
Gaussian process under a sublinear expectation and a q-Brownian mo- 
tion, under a complex-valued linear expectation, with which a new type 
of Feynman-Kac formula can be derived to represent the solution of a 
Schrodinger equation. 

1 Introduction 

In this paper we are concerned with constructions of some typical stochas- 
tic processes under a generalized notion of expectation. We have already 
introduced, in [Peng2004-2010], G-Markovian processes, G-Brownian mo- 
tions and the related stochastic calculus under nonlinear expectation space 
(see also [Hu-Peng2010] for G-Levy processes). The main idea is to di- 
rectly use a nonlinear (sublinear) expectation to valuate the random vari- 
ables depending on the paths of the corresponding stochastic process. 
For example, a generalized Brownian motion (B t )t>o, called G-Brownian 
motion, is merely a process with continuous paths under a specifically de- 
signed nonlinear expectation so that each increments of (Bt)t>o is stable 
and independent of its historical path. It was proved that each of its in- 
crement is G-normally distributed random variables. On the other hand, 
such type of G-normal distributions can be also obtained as the limit in 
law of a sum of an i.i.d. sequence of random variables. 

In this paper we will construct two types of stochastic processes. The 
first one is a Gaussian process under a sublinear expectation. All fi- 
nite dimensional distributions of this process are G-normally distributed. 
When we deduce to a classical framework the corresponding expectation 
is linear and thus the G-normal distributions become the classical normal 
distributions. In this case this process is noting but a classical Gaus- 
sian. Quite different from a classical situation, in general, a G-Brownian 
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motion (B t )t>u is not a Gaussian process although each increment of a 
G-Brownian motion is normally distributed. 

The second type of stochastic process is constructed under a complex- 
valued linear expectation in the place of a real valued expectation. Under 
such C-valued expectation we can define a new type of random vari- 
able which is g-normally distribution and then a g-Brownian motion, 
where q stands for "quantum" . Under this framework the solution of the 
well-known Schrodinger equation can be expressed by a new formula of 
Feynman-Kac type. We then get a clear path picture via this g-Brownian 
motion. 

The paper is organized as follows. In section 2 we present some prelim- 
inary notations and results of a general framework of nonlinear expecta- 
tions and nonlinear expectation spaces, including nonlinear distribution, 
independence, G-normal distribution. In Section 3 we give a general con- 
struction of a stochastic process with a given consistent family of finite 
dimensional distributions. It is in fact a generalization of the well-know 
arroach of Kolmogorov's consistency under a nonlinear expectation. We 
also discuss how to find the upper expectation of a family of probability 
measures for some given sublinear expectation and under what condition 
we can obtain the continuity of stochastic process. In Section 4 the con- 
struction of a G-Gaussian process are introduced. In the last section we 
introduce a complex valued linear expectation under which the g-normal 
random variable and the g-Brownian motion are defined. We also provide 
an Appendix for the convenience to read the paper. 

2 Preliminaries: sublinear expectation 

A sublinear expectation is also called an upper expectation. It is fre- 
quently applied to situations when the probability models themselves have 
uncertainty. In this section, we present the basic notion of sublinear ex- 
pectations and the corresponding sublinear expectation spaces. 

2.1 Nonlinear expectation 

Let fl be a given set and let H be a linear space of real valued functions 
defined on f2 containing constants. In this paper, we often suppose that 
\X\ G H if X G H. The space H is also called the space of random 
variables. 

Definition 2.1 A Sublinear expectation E is a functional E : H — > R 
satisfying 

(i) Monotonicity: 

E[X] > E[Y] if X > Y. 

(ii) Constant preserving: 

E[c] = c forceR. 

(iii) Sub-additivity: For each X,Y G H, 

E[X + Y] < E[X] + E[Y]. 



2 



(iv) Positive homogeneity: 

E[XX] = XE[X] for A > 0. 

The triple (fi, H, E) is called a sublinear expectation space. If only 
(i) and (ii) are satisfied, E is called a nonlinear expectation and the 
triple (Q,rl,E) is called a nonlinear expectation space. 

Remark 2.2 In more general situation the above E may be R k -valued, 
namely, the functions ofH are R fe -valued and E maps H to R fc . For linear 
situation we usually only assume E[c] = c, for c G R d and E[aX + f3Y] — 
aE[X] + f3E[Y], for a, (3 G R and X , Y G H. E is called an R d -valued 
linear expectation, or simply R d -expectation. A type of C-valued linear 
expectation will be discussed in the Section 5. 

Definition 2.3 Let Ei and E2 be two nonlinear expectations defined on 
(£1,14). Ei is said to be dominated by E2 if 

Ei[X] -Ei[Y] <E 2 [X-Y] for X, YeH. 

Remark 2.4 // the inequality in (iii) becomes equality, then E is a linear 
expectation, i.e., E is a linear functional satisfying (i) and (ii). 

Remark 2.5 (iii) + (iv) is called sublinearity. This sublinearity implies 

(v) Convexity: 

E[aX + (1 - a)Y] < aE[X] + (1 - a)E[Y] for a G [0, 1]. 

7/ a nonlinear expectation E satisfies convexity, we call it a convex ex- 
pectation. 

The properties (ii)+(iii) implies 

(vi) Constant translatability: 

E[X + c] = E[X] +c fore £R. 

In fact, we have 

E[X] + c = E[X] - E[-c] < E[X + c]< E[X] + E[c] = E[X] + c. 

For property (iv), an equivalence form is 

E[XX] = \ + E[X] + \-E\-X] for A G R. 

In this paper, we mainly consider the following type of nonlinear ex- 
pectation spaces (fi, H,E): if X\, ■ ■ ■ ,X n G H then tfi(Xi,- ■ ■ ,X n ) G H 
for each ip G C;.z,i P (R n ) where Ci.Li P (R n ) denotes the linear space of func- 
tions ip satisfying 

\<fi{x) - <p{y)\ < C(l + \x\ m + |y| m )|x - y\ for x,y G R n , 
some C > 0, m G N depending on ip. 

In this case X = (Xi, • • • , X n ) is called an n-dimensional random vector, 
denoted hy X eU n . 
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Remark 2.6 It is clear that if X £ H then \X\, X m G H. More gener- 
ally, <p(X)ip(Y) G H if X,Y G H and if, ip G Ci.Li P (R). In particular, if 
X EH then E[\X\ n ] < oo for each n G N. 

Here we use C;.Lip(R n ) in our framework only for some convenience 
of techniques. In fact our essential requirement is that H contains all 
constants and, moreover, X G H implies \X\ G H. In general, C;.Li P (R n ) 
can be replaced by any one of the following spaces of functions defined on 
R n . 

• L°°(R™): the space of bounded Borel- measurable functions; 

• C(,(R n ): the space of bounded and continuous functions; 

• Ck(R n ): the space of bounded and fc-time continuously differentiable 
functions with bounded derivatives of all orders less than or equal 
to k; 

• C uni f(R n ): the space of bounded and uniformly continuous func- 
tions; 

• Cb.Li P (R n ): the space of bounded and Lipschitz continuous func- 
tions; 

• L°(R n ): the space of Borel measurable functions. 

2.2 Representation of a sublinear expectation 

A sublinear expectation can be expressed as a supremum of linear expec- 
tations. 

Theorem 2.7 Let E be a functional defined on a linear space H satisfying 
sub-additivity and positive homogeneity. Then there exists a family of 
linear Junctionals {Eg : 6 G 6} defined on H such that 

E[X] = sup E e [X] for X en 
see 

and, for each X G H, there exists 9x G O such that E[X] — Eg x [X]. 

Furthermore, if "E is a sublinear expectation, then the corresponding 
Eg is a linear expectation. 

Remark 2.8 It is important to observe that the above linear expectation 
Eg is only assumed to be finitely additive. But we can apply the well- 
known Daniell-Stone Theorem to prove that there is a unique a-additive 
probability measure Pg on (Q,a(H)) such that 

E e [x] = [ x(u>)dPg, x en. 

Jn 

The corresponding model uncertainty of probabilities is the subset {Pg : 
9 e Q}, and the corresponding uncertainty of distributions for an n- 
dimensional random vector X in H is {Fx {9, A) := Pg(X G A) : A G 
B(R n )}. 
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2.3 Distributions, independence and product spaces 

We now give the notion of distributions of random variables under non- 
linear expectations. 

Let X = (X\, ■ ■ ■ , X n ) be a given n-dimensional random vector on a 
nonlinear expectation space (fi, H, E). We define a functional on Ci.Li P (R™) 
by 

F x [<p] := E[<p(X)] : p G C ; . Llp (R n ) ->■ R. 

The triple (R™, Ci.Lip(R"), Fx) forms a nonlinear expectation space. Fx 
is called the distribution of X under E. In the er-additive situation (see 
Remark 12. 8p . we have the following form: 

FxM = sup / ip{x)F x {e,dx). 
see Jk" 

Definition 2.9 Let X\ and X% be two n-dimensional random vectors 
defined on nonlinear expectation spaces (f2i,Hi,Ei) and (fia^ajEa), re- 
spectively. They are called identically distributed, denoted by X\ = X2 
or ¥ Xl = ¥ X2 , if 

Ei[<p{Xi)] = E 2 [<p(X 2 )] for p G Ci.ii„(R n ). 

It is clear that X\ = X2 if and only if their distributions coincide. We 
say that the distribution of Xi is stronger than that of X2 ifEi[ip(Xi)] > 
E 2 [<p(X 2 )], for each p G a. iip (R n ). 

Remark 2.10 In the case of sublinear expectations, X\ = X2 implies 
that the uncertainty subsets of distributions of Xi and X2 are the same, 
e.g., in the framework of Remark \2.8{ 

{F Xl (0i,-) ■ 61 G 61} = {Fx 2 (6» 2 ,-) : 62 G 6 2 }. 

Similarly if the distribution of Xi is stronger than that of Xi, then 

{F Xl {6i,-) : 0i G 61} D {Fx 2 (e 2 ,-) : 62 G 6 2 }. 

The distribution ofleW has the following four typical parameters: 

fi:=E[X], fj,:=-E[-X], a 2 :=E[X% a 2 := -E[-X 2 ]. 

The intervals [fi,p] and [cr 2 ,^ 2 ] characterize the mean-uncertainty and 
the variance-uncertainty of X respectively. 

The following property is very useful in our sublinear expectation the- 
ory. 

Proposition 2.11 Let (fl, H, E) be a sublinear expectation space and X, Y be 
two random variables such that E[Y] = — E[— Y], i.e., Y has no mean- 
uncertainty. Then we have 

E[X + aY] = ELY] + aE[Y] for a G R. 

In particular, i/E[Y] = E[-Y] = 0, then E[X + aY] = ELY]. 
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Definition 2.12 A sequence of n- dimensional random vectors {f)i}°l 1 
defined on a nonlinear expectation space (SI, H, E) is said to converge in 
distribution (or converge in law) under E if for each <p G C'b.Li P (R n ), 
the sequence {¥[ip(r]i)]}°Z 1 converges. 

The following result is easy to check. 

Proposition 2.13 Let {r)i} c *L 1 converges in law in the above sense. Then 
the mapping ¥[■] : Cb.Li P (R n ) — > R defined by 

¥[<p] := lim E[ip(r)i)) for ip G C b . Lw (M n ) 

is a nonlinear expectation defined on (R n , CVLi P (R n ))- If E is sublinear 
(resp. linear), then F is also sublinear (resp. linear). 

The following notion of independence plays a key role in the sublinear 
expectation theory. 

Definition 2.14 In a nonlinear expectation space (Sl,H,¥L), a random 
vector Y € H n is said to be independent of another random vector X G 
H m under E[-] if for each test function if G Ci.Li P (^ m+n ) we have 

E[tp(X,Y)] =E\E[<p(x,Y)] x=x ]. 

Remark 2.15 In a sublinear expectation space (Sl,H,~E), Y is indepen- 
dent of X means that the uncertainty of distributions {Fy{0, ■) : 6 G 0} of 
Y does not change after the realization of X = x. In other words, the "con- 
ditional sublinear expectation" of Y with respect to X is K[ip(x,Y)] x= x ■ 
In the case of linear expectation, this notion of independence is just the 
classical one. 

Remark 2.16 It is important to note that under a sublinear expectation 
the condition 'Y is independent from X " does not imply automatically 
that "X is independent from Y". 

The independence property of two random vectors X, Y involves only 
the "joint distribution" of (X,Y). The following result tells us how to 
construct random vectors with given "marginal distributions" and with a 
specific direction of independence. 

Definition 2.17 Let (fij, Hi, Ej)» 6 j be nonlinear expectation spaces in- 
dexed by I We denote 

Y\fli = {(wi : i € I) : Ui € ili, i £ 1} 
iei 

:= {y(w il ,--- ,w in ) = <p(X il (u il ),--- ,X in (u in )) : (wi,w 2 ) G Oi x Q 2 , 

iei 

X ik €H%, k = l,---,n, <p£ Ci.L lp (R dl+ '" +d ")}, 

We denote by fl := J^Jfij and H := ieJ Hi. It is clear that H forms 

iei 

a vector lattice on SI. Let E be a nonlinear expectation defined on H. If 
for each i £ I and Xi G H di we always have E[<p(Xj)] = Ej[<p(Xi)], then 
we say that the margin of E coincides with Ej. 

Remark 2.18 In the last section, the above notion of independence is 
extended to an C-valued linear expectation space (Sl,H,E). 
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2.4 Completion of a sublinear expectation space 

Let (fi, "H,E) be a sublinear expectation space. We have the following 
useful inequalities. 

We first give the following well-known inequalities. 

Lemma 2.19 For r > and 1 < p, q < oo with - + - = 1, we have 

\a + b\ r < max{l,2 r - 1 }(|a| r + |6| r ) for a, b 61, (1) 

H<^ + 1^. (2) 
p q 



Proposition 2.20 For each X, Y £H, we have 

E[\X + Y\ r ] < 2 r ~ 1 (E[|X| r ] + E[|Y | r ]), (3) 
E[|XY|] < (E[|X| p ]) 1/p ■ (E[\Y\ q ]) 1/q , (4) 
(E[|X + Y\ p ]) 1/p < (E[jX| p ]) 1/p + (E[|Y| p ]) 1/p , (5) 

where r> 1 and 1 < p, q < oo with i + 1 = 1. 

/n particular, for 1 < p < p', we /law (E[|X| p ]) 1/p < (E[|X| p ']) 1/p ' . 

Proof. The inequality © follows from {TJ. 
For the case E[|X| P ] ■ E[|Y| 9 ] > 0, we set 

c X Y 



(EOXIf]) 1 /?' ' (E[|Y|«])V<T 
By ([2]) we have 

l£l p \n\ q \£\ p \n\" 
mtv\] < E[— + — ] < E[^-l +EPH 

vi p q 
= i + i = i. 

p q 

Thus @ follows. 

For the case E[|X| P ]-E[|Y| 9 ] = 0, we consider E[|Xj p ]+£ and E[|Y| 9 ]+e 
for e > 0. Applying the above method and letting e — > 0, we get Q. 
We now prove {SJ. We only consider the case E[|Jt + Y\ p ] > 0. 

E[|X + Y\ p ] = E[\X + Y\-\X + IT -1 ] 

< E[|X| ■ \X + Y\ p -' L ] + E[|Y| ■ \X + Y\ p -' L ] 

< (E[|X| p ]) 1/p ■ (E[|X + Y\ {p - 1)q ]) 1/q 

+ (E[|Y| p ]) 1/p • (E[jX + Y\ (p - 1)q ]) 1/q . 

Since (p — l)q — p, we have ([5}. 

By®, it is easy to deduce that (E[|X| p ]) 1/p < (E[| X\ p '])^ p ' for 1 < 
P < p'. m 

For each fixed p > 1, we observe that rl p = {X £ H, E[\X\ P ] = 0} 
is a linear subspace of T-i. Taking as our null space, we introduce 
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the quotient space H/Hq. Observing that, for every {X} £ H/Hq with 
a representation X £ H, we can define an expectation E[{X}] := E[X] 

which is still a sublinear expectation. We set \\X\\ := (E[\X\ P ]) p . By 
Proposition 12.201 it is easy to check that ||-|| forms a Banach norm on 

Hj/Hq. We extend H/Hq to its completion Hp under this norm, then 
(Hp, || - 1| ) is a Banach space. In particular, when p — 1, we denote it by 

(«,IHI). 

For each X £ H, the mappings 

X+(u):H^H and X~ (u) : H -> H 

satisfy 

\X + -Y + \ < \X-Y\ and \X~ - Y~\ = \(-X) + - (-Y) + | < \X - Y\. 

Thus they are both contraction mappings under ||-|| and can be contin- 
uously extended to the Banach space {Hp, ||-|| p ). 

We can define the partial order ">" in this Banach space. 

Definition 2.21 An element X in (H, |]-||) is said to be nonnegative, or 
X > 0, < X, if X = X+. We also denote by X > Y , or Y < X, if 
X-Y>0. 

It is easy to check that X > Y and Y > X imply X — Y on (H p , \\- \\ p ). 
For each X, Y £ H, note that 

\E[X] - E[Y]\ < E[\X - Y\] < \\X - Y\\ p . 

Thus the sublinear expectation E[-] can be continuously extended to (Hp, || -|| ) 
on which it is still a sublinear expectation. 

Let (Q,H,Ei) be a nonlinear expectation space. Ei is said to be 
dominated by E if 

Ei[X]-Ei\Y]<E{X-Y] iorX,YeH. 
From this we can easily deduce that |Ei[X] - EJF]] < E[\X - Y\], thus 
the nonlinear expectation Ei[-] can be continuously extended to (Hp, ||-|| ) 
on which it is still a nonlinear expectation. 

Remark 2.22 It is important to note that Xi,--- ,X n £ H does not 
imply ip(X\,--- ,X n ) £ H for each ip £ C;.£,i P (R n ). Thus, when we talk 
about the notions of distributions, independence and product spaces on 
(Q,H,E), the space C*;.z,i P (R") is replaced by Ct._Li P (R n ) unless otherwise 
stated. 

2.5 G-normal distributions 

A well-known characterization for a zero-mean d-dimensional normally 
distributed random variable X is 

aX + bX = Va 2 + b 2 X for a, b > 0, (6) 

where X is an independent copy of X. The covariance matrix E is defined 
by E = E[XX T ]. We now consider the so called G-normal distribution in 
probability model uncertainty situation. 
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Definition 2.23 (G-normal distribution) A d- dimensional random vec- 
tor X = (Xi, ■ ■ ■ , Xd) on a sublinear expectation space (fi, H, E) is called 
(centralized) G-normal distributed if 

aX + bX = ^a 2 + b 2 X for a,b>0, (7) 
where X is an independent copy of X . 

Remark 2.24 Noting thatE[X + X] = 2E[X] andE[X + X] = E[V2X] = 
v2E[X], we then have ELY] = 0. Similarly, we can prove that E[— X] — 0. 
Namely, X has no mean-uncertainty. 

The following property is easy to prove by the definition. 

Proposition 2.25 Let X be G-normal distributed. Then for each A £ 
R mxd , AX is also G-normal distributed. In particular, for each a G R d , 
(a, X) is a 1-dimensional G-normal distributed random variable. 

We denote by S(d) the collection of all dx d symmetric matrices. Let X 
be a d-dimensional G-normal distributed random vector in (£}, H, E). The 
following function is very important to characterize their distributions: 

G(A):=E[~{AX,X)}, AeS(d)- (8) 

It is easy to check that G is a sublinear function monotonic in A G 13(d) 
in the following sense: for each A, Ad §(d) 

G{A + A) <G(A) + G(A), 

G(XA) = XG(A), VA > 0, (9) 
G(A) >G(A), HA>A. 

Clearly, G is also a continuous function. By Theorem 12.71 there exists a 
bounded and closed subset T C K dxd such that 

G(A) = sup -tr[AQQ T ] forAe§(d). (10) 
Qer 2 

The following result can be found in [Peng2010]. 

Proposition 2.26 Let G : S(d) — > R be a given sublinear and continuous 
function, monotonic in A £ §(d) in the sense of ([9]). Then there exists a 
G-normal distributed d-dimensional random vector X on some sublinear 
expectation space (£1, H,E). satisfying @. Moreover, if both X and Y 
are G-normal distributed with the same function G, namely 

E[(AX,X)] =E[(AY,Y)} = 2G(A), MA e S(d), 

then X = Y. 

We present a central limit theorem in the framework of sublinear ex- 
pectation (see [Peng2007], [Peng2009] or [Peng2010, ThmII.3.3). 
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Theorem 2.27 Let {Xi}'^. 1 be a sequence o/R d valued random vectors 
in a sublinear expectation space (fl,H,~E). We assume that {Xi}^ is an 

i.i.d. sequence, i.e., for each i = 1, 2, • • • , X i+ i = X± and it is independent 
of(Xi,--- ,Xi). We assume furthermore that¥,[Xi] = E[— Xi] = 0. Then 
the sequence {S n }^ = i defined by S n = (Xi + ■ ■ ■ + X n )/y/n converges in 
law to X : 

lim E[y>(5„)] = n<fi(X)], ifi € C b {R d ), 
where X is a d- dimensional G-normally distributed random variable with 

G(A) = ±E[(AX 1 ,X 1 )]. 

3 Construction of stochastic processes with 
a given family of finite dimensional distri- 
butions 

Definition 3.1 Let (Q,H,'E) be a nonlinear expectation space. (X t )t>o 
is called a d-dimensional stochastic process if for each t > 0, X t is a 
d-dimensional random vector in H. 

A typical example of such type of stochastic processes defined on a 
space of nonlinear expectation is the so-called G-Browian motion. 

Definition 3.2 A d-dimensional process (B t )t>o on a sublinear expec- 
tation space (fl, H, E) is called a G-Brownian motion if the following 
properties are satisfied: 

(i) B (w) = 0; 

(ii) For each t, s > 0, the increment B t + S — B t = B s and is independent 
of (B tl , B t2 , ■ ■ ■ , B tn ), for each n G N and ti, ■ ■ ■ , t„ £ [0, t]. 

(Hi) lim t ^ E[jB t | 3 ]/t = 0. 

The following theorem gives a characterization of G-Brownian motion. 

Theorem 3.3 Let (Bt)t>o l> e a d-dimensional G-Brownian motion de- 
fined on a sublinear expectation space (fi, H, E), such that~E[B t ] = E[— B t ] = 
0, t > 0. Then, for each t > 0, B t is normally distributed, namely, 

aB t + b(B 2t - B t ) = Va 2 +b 2 B t , a,b > 0. 



Using a generalization of Kolmogorov approach, a new type of Marko- 
vian processes was introduced in [Peng2004] and then G-Brownian motion 
in [Peng2007]. 

In this section we will use this approach to give a general construction 
of stochastic processes so that it can be also applied to construct a new 
type of Gaussian processes under a sublinear expectation. 

We first notice that, just as in the classical situation, one can define 
the family of finite dimensional distributions for a given stochastic process 
X = (X t ) t >o- We denote 
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T :={t= (ti,---,tm) : Vm G N, i; G [0,oo), tj < i,j < m,i / j}. 



Definition 3.4 If for, each t = (ti,. . . ,t m ) G T, Ft is a nonlinear ex- 
pectation defined on (K mxd , C i .Li P (R mxd )) #ien we ca/Z (Ft)t er a family 
of finite dimensional distributions on R d . 

Definition 3.5 Let (X t ) t > be an R d -i;a£ited stochastic process defined in 
a nonlinear expectation space (fi, H, E). For each t = (ti, ■ ■ ■ , t n ) G T the 
random variable Xt = (X tl ,--- ,X tn ) induces a distribution distribution 
¥t[fi] = E[(p(Xt)], <p G C*i. Llp (R nxd ). We call (Ff )t er the family of finite 
dimensional distributions corresponding to (Xt)t>o- 

Definition 3.6 Let (X t )t>o and (X t )t>o be d-dimensional stochastic 
processes defined respectively in nonlinear expectation spaces (fi, H, E) 
and (0,H,E). X and X are said to be indentically distributed if their 
families of finite dimensional distributions coincide from each other: 

Ff=Ff, ViGT. 

For a given stochastic process, the family of its finite dimensional dis- 
tributions satisfies the following properties of consistency: 

Definition 3.7 A family of finite dimentional distributions {¥t[(p]}teT 
on R d is said to be consistent if, for each t = (ti, ■ ■ ■ ,t„) G T , we have 

Yt[<p]=Wt[<p], ¥ G Ci.Li P (R nx )■ 

Here, on the right hand side, ip is considered as a funtion defined on 
R nxd x R d which does not depend on the last coordinate, 
(ii) For each permutation a of (1, 2, • • • , n) 

Ft<, ( i),- ,*„(„)[¥>] = F tl ,..., tn [¥V] 

where 

lfia(xi,--- ,X n ) = ¥>(X CT (1),--- ,X CT ( n )), I, 6 l*, i = 1, • • • , U. 

It is clear that the finite dimensional distributions of the process X is 
consistent. Inversely, we have: 

Theorem 3.8 Let (¥t)teT be a family of consistent nonlinear distribu- 
tions. Then there exists a d-dimensional stochactic process (Xt)t>o de- 
fined on a nonlinear expectation space (fi, H, E) such that the family of 
finite dimensional distributions of X coincides with (¥t)teT- E can be a 
sublinear (resp. linear) expectation if the distributions in (¥t)teT a,re all 
sublinear (resp. linear). 

Proof. Let Q = (E d )[ - 00 ) denote the space of all Revalued functions 
(wt) teH +. We denote by X t (w) = u> t , t G [0, oo), to G O., the corresponding 
canonical process. The space of Lipschitzian cylinder functions on f2 is 
denoted by 

H = L ip (Q) := W(X tl ,- ■ ■ ,X tn ),t = {t u ■ ■ ■ , t n ) G T, VV G C LLlp (R dxn )}. 



11 



It is clear that Li p (il) is a vector lattice. For each £ £ Li P (Q) of the 
form = f{Xt 1 (to), ■ ■ ■ , X tn (w)), we set 

Efo>(0]=F tl ,... ltn [d. 

It is clear that the mapping E : Li p (Q) h-> R forms a consistently de- 
fined nonlinear expectation on (f2, Li P (Q)) and the family of the finite 
dimensional distributions of X is (Ft)tgr- 

We see that with this construction E is sublinear (resp. linear) ex- 
pectation if the distributions in (¥t)teT are all sublinear (resp. linear). 
■ 

Remark 3.9 In the proof of Theorem \3.8i we can also use Q = C(0, oo; R d ) 
in the place of ti = (R' 1 )' ' 00 ' 1 . But we will need the later one in the proof 
of Lemma \3.12\ In many situations, similar to the classical situation, 
we need to introduce the natural capacity c associated to E and use the 
related "c-'quasi sure' analysis" to study the continuity of the process X. 
We refer to [Denis-Hu-Peng2010] or [Hu-Peng2010] for the proof of the 
continuity of a G-Brownian motion. 

Remark 3.10 Definitions \3. 4f3~7\ as well as Theorem \3.8\ can be extended 
to construct a R d -valued nonlinear expectation. We will see in Section 6 
a typical C-valued expectation. 

We will prove that when (Ft)teT is sublinear, then the corresponding 
sublinear expectation E constructed above is an upper expectation of a 
family of probability measures on (f2,_F). We need the following lemmas: 

Lemma 3.11 Let £ £ T-i m be a given random vector in a linear expecta- 
tion space (Q,H,E) such that tp(£) £ H for each ip £ C;.Li P (R m ). Then 
there exists a unique probability measure Q on (R m ,S(R m )) such that 
E Q [<p]=E[<p(£)], e Cz.« p (R m ). 

Proof. Let {ifi n }^L 1 be a sequence in Ci.Li P QS. m ) satisfying tp n J, 0. For 
each N > 0, it is clear that 

<fi n (x) < k n + <p-i(x)I[\ x \ >N ] < k n H — for each x £ R , 

where k„ = m&x\ x \ <N <p„(x). Noting that (pi(a;)|a;| £ Ci.Li P (R- m ), we have 

EMO]<C + ^E[vi(0fc|]. 

It follows from ip n \. that k% 4- 0. Thus we have linin^oo E[(^ n (^)] < 
■^■E[(/5i(^)j<;j]. Since N can be arbitrarily large, we get E[ip n (£)] \, 0. 
Consequently, E[tp n (l;)] I 0. 

It follows from Daniell-Stone's theorem that there exists a unique prob- 
ability measure Q on (R m ,/3(R m )) such that E Q [<p] = E[ip(X)], for each 
f £ C LUp (R m ). m 

Lemma 3.12 Let E be a sublinear expectation on (Q, Li p (Sl)) and E be 
a (finitely additive) linear expectation on (Q, Li p (fl)) which is dominated 
by E. Then there exists a unique probability measure Q on (Q,a(Li p (£l)) 
such that E[X] = Eq[£] for each £ £ L; p (f2). 
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Proof. For each fixed t = (ii, . . . , t m ) £ T, we denote X = (X tl , • ■ • , Xt m ). 
by Lemma E. 1 1 I there exists a unique probability measure Qt on (M dxm ,Z3(R dxm )) 
such that .Eg, fa] = Efa(X tl ,--' ,X tm )] for each £ C LLlp (9. dxm ). Thus, 
corresponding to (X tl , ■ • ■ , Xt m ), t = (ti, . . . , t m ) £ T, we get a family 
of finite dimensional distributions {Qt : £ £ 7"}. It is easy to check 
that {Qt : t £ T} is consistent. Then by Kolmogorov's consistent the- 
orem, there exists a probability measure Q on (fl, a(Li p (Sl)) such that 
{Qt : t £ T} is the finite dimensional distributions of Q. Now assume 
that there exists another probability measure Q satisfying the condition, 
by Daniell-Stone's theorem, Q and Q have the same finite-dimensional 
distributions. Then by monotone class theorem, Q — Q. The proof is 
complete. ■ 

Lemma 3.13 There exists a family of probability measures V e on (Q, o(Q)) 
such that 

E[X] = max E Q [X], for X £ L ip (Q). 

Proof. By the representation theorem of sublinear expectation and Lemma 
13.121 it is easy to get the result. ■ 

For this V e , we define the associated capacity: 

c(A) := sup Q(A), A £ B(Q), 

Q67? 

and the upper expectation for each S(A)-measurable real function X 
which makes the following definition meaningful: 

E[X] := sup Eq[X]. 

4 Gaussian processes in a sublinear ex- 
pectation space 

In this section we generalize the notion of Gaussian processes to the situ- 
ation in sublinear expectation space. 

Definition 4.1 An R d -valued stochastic process X = (X t )t>o defined in 
a sublinear expectation space (f2,7^,E) is called a Gaussian process if for 
each t= (*!,-•■ , t„) £ T, Xt = (X tl , • • ■ , Xt n ) is an W nYd -valued nor- 
mally distributed random variable. 

In this section we are only concerned with the processes satisfying 
E[X t ] = E[-X t ] = 0. 

Definition 4.2 Let (X t )t>o be a given d-dimensional stochastic process. 
We denote, for each t = (ti, • • • ,tn) £ T, 

Gf (A) := ^E[(AXt,X t _}] : A £ S nxd . 

We called (Gt f )tgr the family of 2nd moments of the process X. It is 
clear that for each t = (ti, ■ ■ ■ ,t n ) £ T, Gf : §„ X d *->Risa sublinear 
and monotone function. 
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Definition 4.3 A family Gt lr .- ,t n '■ S„ xt j R ; t = (£1, • • • , t n ) G T of 

sublinear and monotone functions is called consistent if it satisfies, for 

each t = (ti, • • • , t n ) € T and t n+1 > 0, 

(i) G tl ,... ,t n+1 (A) = Gt(A), for each A € § nxd where 



A 




5(n + l)xd 



(n,) Gt a(1)l ... ,t„( n ) (^4) = Gt(cr(yl)) ; where, for each A G § nX d wit/i t/ie /orm 
A = [i4y]& =1 , Ay € R dxd , <r(A) is defined by a(A) = [A a(i)a(j) ]l j=1 . 

It is clear that the family (G^)teT of 2nd moments of the process X 
is consistent. Inversly, we have: 

Proposition 4.4 Lei a family of sublinear monotone functions {Gt}ter 
be consistent. Then for each t = (ti,-- - ,t n ) € T, there is a unique 
n x d-dimensional normal distribution Ft defined on (R nxd , Ci.Li P (R nxd ))- 
Moreover the family of finite distributions [Ft}teT is consistant. Conse- 
quently there exists a d-dimensional Gaussian process (X t ) t >o in a sub- 
linear expectation space (f2, H, E) such that 

(Gf)ter = (Gtjter, (Ff)ter = (Ft)ter 

for each t = (ti, ■ ■ ■ , t n ) € T, the random vector Xt = (X tl , • • • , -Xt„ ) is 
G-normal distributed with G = Gt- 

Example 4.5 Let (B t )t>o be a d-dimensional G-Brownian motion in a 
sublinear expectation space (f2,"H,E) with 

G{A) = \n(AB 1 ,B 1 )] 

For each t = (ti,--- ,t„) € T, we set Bt — (B tl , ■ ■ ■ , B tn ) and 

Gf(A) := ^E[ (ABy Bt)] : A G § nxd H> R. 

{Gf }t e r fie family of 2nd moments of (B) t >o and thus satisfying the 
above consistency. We then can construct a G-Gaussian process (Xt)t>o 
such that, Gf = Gf for each t€T- But, in general, their family of finite 
dimensional distributions (Wf)teT and (Wf)teT are not the same. 
Since we still have 

E[\X t - X s \ 4 } = E[\B t - B s \ 4 } < d\t - s\ 2 , 

We then can apply the same arguments as in the case of G-Brownian 
motion to prove that there exists a weakly compact family V of probabil- 
ity measures on (Q,B(Q.)), where £1 = C([0, co); R d ) equipped with the 
usual local uniform convergence topology, such that, the canonical process 
Bt(iJj) — u) t , t > is a Gaussin process such that 

Gf = Gf, teT. 

Readers who are interested in the details can see our appendix. 
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Definition 4.6 Let (X t )t>o and (lt)t>o be two stochastic processes in 
a nonlinear expectation space (f2, H, E). They are called identically dis- 
tributed i/Ff = Wf, for each teT. (Y t ) t>o is said to be distributionally 
independent of another process (Z t )t>o if, for each t= (ti, • • ■ ,t n ) G T , 
(Y tl , ■ ■ ■ , Yt n ) is independent of (Zt 1 , - ■ ■ , Zt n ) . 

Definition 4.7 A sequence of d-dimensional stochastic processes {(Xl) t >o}iZi 
in a nonlinear expectation space (n,"H,E) is said to be convergence in 
fintinte dimensional distributions if for each t = (ti, • • • , t n ) G T and for 
each (p G Cb.Li P (JX nxd ), the limit lim i _ >00 {E[( ( 9(X t ! 1 , • ■ ■ ,Xl n )] exists. 

Theorem 4.8 Let {(Xl) t >o}f^ 1 be a sequence of d-dimensional stochas- 
tic processes in a sublmear expectation space (Q, T-i, E) such that, for each 
i = 1,2, - ■ ■ , 

(i) {Xl)t>o and (Xt)t>o are identically distributed; 

(ii) (Xl +1 )t>o is distributonally independent of(X t ,--- , Xl +1 ) t >o; 
(in) E[Xl] = K[-Xt] = 0,t>0. 

Then the sum 

converges in fintinte dimensional distributions to a Gaussian process (Z t )t>o 
under a sublmear expectation space (f2,W,E). The family of the 2nd 
moments of (Xl) t >o and that of (Z t )t>o °,re the same, namely E[Zt] = 
E[-Z t ] = and Gf 1 = G[ , for each teT. 

Remark 4.9 It is worth to stress here that, even in the case where the 
above {{XI )t>o}^i 1 is a sequence of G-Brownian motions, the limit (Zt)t>o 
is a Gaussian process but it may not be a G-Brownian motion. 

Proof. The proof is simply from the central limit theorem, i.e., The- 
orem [2271 Indeed, for each fixed t = (ti, •••,*«) G T, (X|)^ a := 
(XL , ■ ■ • , X\ n YiL\ is a sequence of R nxd -valued random vectors which is 

i.i.d. in the snese that X\ = X\_ and X\ +1 is independent of X\, ■ ■ ■ , X[, 
for i = 1,2,---. We then can apply the central limit theorem under the 
sublinear expectation E to prove that zf := -^7= 53<Li -^t converges 
in law to an R" xd -valued random vector Zt , of which the distribution 
denoted by F^ is G-normal. Moreover the family (Ft)teT is consistent. 
It follows from Theorem 13.81 that there exists a d-dimensional stochastic 
process (Zt)t>o in some sublinear expectation space (f2,"H,E) such that 
(Ff )t S r = (F*)tgT- Thus (Z t ) t >o is a Gaussian process. ■ 

5 g-normal distribution and g-Brownain 
motion in quantum mechanics 

The approach to construct stochastic processes such as G-Brownian mo- 
tion, G-Gaussian processes as well as some other typical stochastic pro- 
cesses in a nonlinear expectation, e.g. Levy processes and Markovian 
processes, can be also applied to construct some new stochastic processes 
in an R"-valued expectation space (f2,%,E). As a very typical example 
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we explain how to construct a g-Brownain motion under a C-valued linear 
expectation space. 

Let f2 be a given set and let H be a linear space of complex valued 
functions defined on ft such that c G H for each complex constant c. The 
space H is the random space in our consideration. 

Definition 5.1 A C-valued linear expectation E is a functional E : 
H — > C satisfying 

(i) Constant preserving: 

E[c] = c forceC. 

(ii) Linearity: For each X,Y 6H, 

E[aX + /?Y] = aE[X] + /3E[Y], q,/?gC 
27ie triple (17,%, E) is called a C-valued linear expectation space. 

Let Xi and X2 be two C m -valued random vectors defined on a C-valued 
linear expectation space (fi, H, E). They are called identically distributed, 

denoted by Xi = X2, if, for each function <p defined on C m such that 
fiX-L) G H (resp. <p(X 2 ) G H) implies ip(X 2 ) G H (resp. y>(Xi) G H) and 

E[ ¥ .(Xi)]=E[ V (X a )]. 

Definition 5.2 7n a C-valued linear expectation space (fi, "H,E), /or too 
random vectors X G H m and Y G H n , Y is said to be independent of X 
under E if we have 

E[<p(X,Y)]=E\E[<p(x,Y)] w=x ], 

for each function ip on C m+n such that the above operations of expectations 
are meaningful. Y is said to be an independent copy of X if moreover 
Y = X. 

We refer to [Peng2010-chl] for the product space method to construct 
independent random variables with specific distributions. 

Definition 5.3 An R d -valued valued random vector X — (Xi,-- - ,Xd) 
on a linear valuation space (Q,H,E) is called a standard q-normal dis- 
tributed if its components are independent from each others with <p(X) G H 
and E[X%] = —i (i stands for the imaginary number) and 

aX + bX= sja? + b 2 X for a, b G R, (11) 

where X is an independent copy of X. Here h(R d ) is the space of complex 
valued functions on R d spanned by polynomials of (xi,-- - ,Xd) and all 
ip G C 00 (R d ) such that di n) ip G L 2 (R d ), n = 0,1,2,- • • . 

Remark 5.4 Noting that E[X k + X k ] = 2E[X k ] and E[X k + X k ] = 
E[V2X k ] = V2E[X k ], we then have E[X k ] = 0, k = 1, • • • , d. 
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Just like in the case of normal distribution we can also define, for a 
fixed complex valued function ip G h(C d ), 

w(t, x) := E[ip(x + VtX)]. 

From the definition pip we have 

w(t, x) = E{ip(x + V5X + VtX)] 

(t,x + Vsx)]. 

Similar to the situation of G-normal distributions, the function w solves 
the following free Schrodinger equation (for d — 1): 

d t w{t,x) = -Aw(t,x). 

We can use the same method as in [Peng2010] to prove the existance 
of such type of g-normal distributed random variable X, using classical 
results of PDE. 

Definition 5.5 We call (X t (cj)) t >o a complex-valued stochastic process 
define in a linear expectation space (Q, rL, E) if Xt £H for each t>0. 

Definition 5.6 A stochastic process (Bt)t>o define in a C-valued linear 
valuation space (fl, T-L, E) is call a q-Brownian motion if it satisfies: for 
each t, s > 0, 

(i) Bt+s — B s = Bt and Bt+ S — B s is independent of Bt 1 , • ■ • , Bt„ , U < s, 
* = 1,2,.-.; 

(ii) E[B t ] = and E[B t 2 ] = -it. 

In analogous to G-Brownian motions we can the construction a q- 
Brownian motion as follows. Let = (K d )[ '°°) be the space of all d- 
dimensional complexed valued process and let Bt(uj) = tJt, t > 0, be the 
canonical process. We define 

H = {ip{B tl ,--- ,B t J:t_=(t 1 ,--- ,t n )eT, ip G h(R nxd )}. 

It then remains to construct consistently a C-valued linear expectation of 
E on (n,H) under which the canonical process (Bt)t>o is a g-Brownian 
motion. To this end we are given a sequence of standard g-normally 
distributed random variables {Xi}°Z 1 of a C-valued expectation space 
(n, H, E) such that Xi+i is independent of (Xi, • • • , Xi) for i = 1, 2, • • • . 
For each t — (ti, ■ ■ ■ ,t„) G T with ti < t% < ■ • • < t n , we set, for each 
£, G H of the form £ (w) = •p{B tl , B t2 — B tl , ■ • ■ , Bt n — Bt„), we set 

E[Q =E[cp(B tl ,B t3 -B H ,--- ,B tn - B t „)] 

:=E[ip(y/hXi,Vte ~t!X 2 ,--- ,y/t n -t n -T_X n )\. 

We see that E : T-i i— > C consistently defines a C-valued linear expectation 
under which (Bt)t>o becomes a g-Brownian motion. 

We can also check that w(t,x) := E[ip(x + Bt)], t > 0, x G R d solves 
the following free Schrodinger equation 

d t w(t,x) = -Aw(t,x), w\ t =Q = ip. 
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The situation with potential V(x) corresponds to: 

w(t,x) = E[ip(x + B t ) exp{ f V(x + B s )ds}]}, t>0,x€R d . 
Jo 

This forms a new type of Feynman-Kac formula to give a path-representation 
of the solution of a Schrodinger equation. 

6 Appedix 

6.1 Appendix A: Parabolic PDE associated with 
G-normal distributions 

The distribution of a G-normally distributed random vector X is charac- 
terized by the following parabolic partial differential equation (PDE for 
short) defined on [0, oo) x R d : 

d t u - G(D 2 x u) = 0, (12) 

with Cauchy condition u\t=o = where G : §(d) — > R is defined by 
© and D 2 u = (dZ iX .u)l j=1 , Du = (d Xi u)f =1 . The PDE ([12} is called a 
G-heat equation. 

Proposition 6.1 Let X G H d be normally distributed, i.e., ([7]) holds. 
Given a function <p £ Ci.Lip(R ). we define 

u(t,x) :=E[(p(x + VtX)], (t,x) G [0, oo) x R d . 

Then we have 

u(t + s,x)=E[u(t,x + ^ r sX)}, s > 0. (13) 

We also have the estimates: for each T > 0, there exist constants C, k > 
such that, for all t,s G [0, T] and x, x,y,y G R d , 

\u(t,x) - u(t,x)\ < C(l + \x\ k + \x\ k )(\x - x\) (14) 

and 

\u(t,x)~u(t + s,x)\<C(l + \x\ k )(s+\s\ 1/2 ). (15) 

Moreover, u is the unique viscosity solution, continuous in the sense of 
(HU and (O, of the PDE JUJ. 

Corollary 6.2 If both X and X satisfy © with the same G, i.e., 

G(A) := E[i (AX,X)] = E[i (AX,X)] for A e S(d), 
t/ien X = X. /n particular, X = — X. 

Example 6.3 Let X be G-normal distributed. The distribution of X is 
characterized by 

u(t,x) =E[<p(x + ViX)], ip€C LLtp (R d ). 
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In particular, W\ip(X)\ = u(l,0), where u is the solution of the following 
parabolic PDE defined on [0, oo) x R d : 

d t u - G(D 2 u) = 0, u\t=o = <p, (16) 
where G = Gx(A) : S(d) -> 1 ;s defined by 

G(A)~±E[{AX,X)], AeS(d). 

77ie parabolic PDE (|16p is called a G-heat equation. 

It is easy to check that G is a sublinear function defined on §(d). _B?/ 
Theorem \2.T\ there exists a bounded, convex and closed subset C S(d) 
suc/i t/iat 

i]E[(AX,X}] = G(A) = i sup tr[AQ], 4 G S(d). 
^ ^ gee 

Since G(A) is monotonic: G(Ai) > G{A2), for Ai > A2, it follows that 

C S+(d) = {6> G S(d) : 6> > 0} = {BB T : S G R dxd }, 

where R dx<i is i/ie set of all dx d matrices. If Q is a singleton: = {Q}, 
then X is classical zero-mean normal distributed with covariance Q. In 
general, characterizes the covariance uncertainty of X. 

When d = 1, we have X = N({0} x [a 2 , a 2 ]) (We also denoted by X = 
7V(0, [a 2 , a 2 ]) ), where a 2 = E[X 2 ] and a 2 = -E[-X 2 ]. TTie corresponding 
G-heat equation is 

dtu - ^(a 2 (dl x u) + - a 2 (dl x uy) = 0, u\t=o = (p. 

For the case <r 2 > 0, this equation is also called the Barenblatt equation. 

In the following two typical situations, the calculation of E[<p(X)] is 
very easy: 

• For each convex function tp, we have 

1 poo 2 

E[<p(x)] = ^J vi° 2 y) eM-\)dy- 

Indeed, for each fixed t > 0, it is easy to check that the function 
u{t,x) := E[(^(x + VtX)] is convex in x: 

u(t, ax + (1 - a)y) = E[ip(ax + (1 - a)y + VtX)] 

< oiE[<p(x + VtX)} + (1 - a)E[tp(x + VtX)] 
= au(t, x) + (1 — a)u(t, x). 

It follows that (d xx it)~ = and thus the above G-heat equation 
becomes 

d t u = %-d 2 xx u, u\t=o = f- 
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• For each concave function tp, we have 

1 r°° ? ,2 
E[<p(X)] = ^J <P(<iy) exp(-^-)dy. 

In particular, 

E[X] = E[-X] = 0, E[X 2 ] = a 2 , -E[-X 2 } = a 2 . 

6.2 Appendix B: Kolmogorov's criterion in the 
situation of sublinear expectation 

Definition 6.4 Let I be a set of indices, (Xt)tei and (Yt)tel be two pro- 
cesses indexed by I . We say that Y is a modification of X if for all 
te I, X t = Y t q.s.. 

We now give a Kolmogorov criterion for a process indexed by R d with 

de N. 

Theorem 6.5 Let p > and (X t ) te ^ be a process such that for all 
t G [0, l] d , X t belongs to 17 . Assume that there exist positive constants c 
and e such that 

E[\X t - X s f] <c\t- s\ d+£ , s, t e [0, l] d 
Then X = (Xt) t6 [ yd admits a modification (X) t6 j jjd such that 



E 



\X t -X " p - 
sup —. r- 



< 00, 



for each a € [0, e/p). As a consequence, paths of X are quasi-surely Holder 
continuous of order a for each a < e/p in the sense that there exists a 
Borel set N of c(N) = such that for all oj £ iV c , the map t — > X t (us) is 
Holder continuous of order a for each a < e/p. Moreover, if Xt G L£ for 
each t, then we also have Xt £ LJ?. 

Lemma 6.6 Let p > 0. Assume that there exist positive constants c and 
e such that 

IFtAfp] < c\t-s\ 1+E , s,t>0 
where <p p (xi,X2) = \xi — X2\ p ■ Then for the stochastic process X — 
(Xt)t>o, there exists a continuous modification X = {Xt : t £ [0, oo)} 
ofX (i.e. c({X t =£X t }) = 0, for each t>0). 

Proof. We have E = E on Li p (Q). On the other hand, we have 
E[\X t ~Xs\ p ] =E[\X t -Xs\ p ] =c\t- s\ 1+s ,\fs,te [0,oo), 



where d is a constant depending only on G. By Theorem 16.51 there exists 
a continuous modification B of X. Since c({Xo / 0}) = 0, we can set 
Bo = 0. The proof is complete. ■ 
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6.3 Appendix C: Tightness of V e 



For each Q £ 72, let Q o B _1 denote the probability measure on (SI, B(SY)) 
induced by B with respect to Q. We denote V\ = {Q ° B~ : Q £ 72}. 
By Lemma [6.61 we get 

E[\X t -X s \ p ] =c\t-s\ 1+e ,\/s,te [0,oo). 

Applying the well-known result of moment criterion for tightness of the 
above Kolmogorov-Chentrov's type, we conclude that Vi is tight. We de- 
note by V = Vi the closure of V\ under the topology of weak convergence, 
then V is weakly compact. 

Now, we give the representation of G-expectation. 

Theorem 6.7 For each continuous monotonic and sublinear function G : 
E(d) i — > R, let Eg be the corresponding G-expectation on (SI, Li p (Sl)). 
Then there exists a weakly compact family of probability measures V on 
(Sl,B(Sl)) such that 

Eg [X] = max E P [X], \/X e L ip (Si). 
Proof. By Lemma 13.131 and Lemma 16.61 we have 

Ea[X] = maxEp[X], VX 6 L ip (ST). 

For eachX G L ip (Sl), by Lemma l3TTTl _we get E G [\X-(XAN)V(-N)\] 1 
as iV — > co. Noting also that V = Vi, then by the definition of weak 
convergence, we get the result. ■ 

6.4 Appendix D: G-Capacity and paths of G-Brownian 
motion 

According to Theorem 16.71 we obtain a weakly compact family of proba- 
bility measures V on (SI, B(S1)) to represent the sublinear expectation E[-]. 
For this V, we define the associated G-capacity: 

c(A) := sup P(A), A G B(Sl), 
per 

and upper expectation for each X £ L°(Sl) which makes the following 
definition meaningful, 

t[X}:= sup E P [X}. 

per 

We have E = Eg on L ip (Sl). Thus the E G [| • |]-completion and the E[| ■ |]- 
completion of Li P (Sl) are the same. 

For each T > 0, we also denote by Sip = Gq ([0, T]) equipped with the 
distance 

p(u/,a, 2 ) = -uj 2 \\ cga ^ T]) := raju, 1 -^. 

We now prove that Lq(SI) — Lj. First, we need the following classical 
approximation Lemma (see e.g. the well-known approximation of Barlow 
and Perkins for SDE and Lepeltier and San Martin to prove the existence 
of BSDE with continuous coefficients). 
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Proposition 6.8 For each X G C&(fi) and e > 0, there exists a Y G 
L ip (Si) such that E[\Y - X\] < e. 

Proof. We denote M = sup w6f! We can find y, > 0, T > and 

X G C^t) such that t[\X - X\] < e/3, sup^ sn |X(w)| < M and 

- < n \\tj- w'|| a(J([0jT]) , Vcj,cj' g n. 

Now for each positive integer n, we introduce a mapping o/ n '(o;) : SI n> f2: 

w ( n) («)(t) = £ ^%^[(^ +1 -f) W («)+(f-^) W (^ +1 )]+i [T)00) (t) W (t), 

where t£ = ^, fe = 0, 1, • • • ,n. We set X {n \ui) := then 

jX (n) (u;) -X (n) (u/)l < H sup - w (n) (w')(*)l 

te[o,T] 

= [X sup |w(tfc) - u'(tk)\. 
fee[o,--- ,n] 

We now choose a compact subset ffc!l such that E[l K c] < e/6M. Since 
su Pweif su P*e[o,T] I^M — w ( w )(*)l -> 0, as 7i — )• oo, we then can choose 
a sufficiently large no such that 

sup \X(u) -X (no) 0)l = sup \X(uj)-X(J no) (uj))\ 

</iSup sup |w(t) - w ( " o) (w)(t)| 

uEKte[0,T] 

< e/3. 

Set y := X (n °\ it follows that 

-y|] < E[|X -X|] + E[|X -X (no) j] 

< E[|X - X|] + E[lj<- |X - X (no) \] + 2ME[l K c] 

< e. 

The proof is complete. ■ 

By Proposition 16.81 we can easily get Lj;(f2) = Lj. Furthermore, we 
can get L P G {Q) = L?, Vp > 0. 

Thus, we obtain a pathwise description of Lq(Q) for each p > 0: 

Lg(fi) = {X G L°(n) : X is quasi-continuous and lim E[|X| p //|xi>n}] — 0}. 

n—too 

Furthermore, K G [X] =E[X], for each X G L^(f2). 



22 



References 



[1] Artzner, Ph., F. Delbaen, J.-M. Eber, and D. Heath (1999), Coherent 
Measures of Risk, Mathematical Finance, 9, 203-228. 

[2] Barrieu, P. and El Karoui, N. (2004) Pricing, hedging and optimally 
designing derivatives via minimization of risk measures, Preprint, in 
Contemporary Mathematics. 

[3] Chen, Z. and Epstein, L. (2002), Ambiguity, Risk and Asset Returns 
in Continuous Time, Econometrica, 70(4), 1403-1443. 

[4] Choquet, G. (1953) Theory of Capacities, Annales de Institut Fourier, 
5, 131-295. 

[5] Daniell, P.J. (1918) A general form of integral. Annals of Mathemat- 
ics, 19, 279-294. 

[6] Crandall, M., Ishii, H., and Lions, P.-L. (1992) User'S Guide To 
Viscosity Solutions Of Second Order Partial Differential Equations, 
Bulletin Of The American Mathematical Society, 27(1), 1-67. 

[7] Denis, L., Hu, M. and Peng, S. (2008) Function spaces and capac- 
ity related to a Sublinear Expectation: application to G-Brownian 
Motion Pathes, see larXiv:0802. 1240k ! [math.PR] 9 Feb. 

[8] Denis, L. and Martini, C. (2006) A Theoretical Framework for the 
Pricing of Contingent Claims in the Presence of Model Uncertainty, 
The Annals of Applied Probability, vol. 16, No. 2, pp 827-852. 

[9] Delbaen, F., Rosazza Gianin, E. and Peng S. (2005) m-Stable sets, 
risk measures and g-expectations, Preprint. 

[10] Denis, L. and Martini, C. (2006) A theoretical framework for the 
pricing of contingent claims in the presence of model uncertainty, 
The Ann. of Appl. Probability 16(2), 827-852. 

[11] Epstein L. & Ji S. (2011) Ambiguous volatility, possibility and utility 
in continuous time, preprint. 

[12] El Karoui, N., Peng, S., Quenez, M.C. (1997) Backward stochastic 
differential equation in finance, Mathematical Finance 7(1): 1—71. 

[13] Follmer & Schied (2004) Statistic Finance, Walter de Gruyter. 

[14] Gao, F.Q. (2009) Pathwise properties and homeomorphic flows for 
stochastic differential equations driven by G-Brownian motion, in 
Stochastic Processes and their Applications, 119(10), 3356-3382. 

[15] Hu, M. (2008) Explicit solutions of G-heat equation with a class of 
initial conditions by G-Brownian motion, submitted paper. 

[16] Hu, M. and Peng, S. (2009a) On Representation Theorem of G- 
Expectations and Paths of G-Brownian Motion, Acta Mathematicae 
Applicatae Sinica, English Series 25(3), 539-546. 

[17] Hu, M. and Peng, S. (2009b) Hu, M. and Peng, S. (2009b) G-Levy 
Processes under Sublinear Expectations, arXiv:0911.3533 vl. 

[18] Huber,P. J., (1981) Robust Statistics, John Wiley & Sons. 



23 



[19] Magali Kervarec (2008) Etude des Modeles non domine en 
Mathematiques Financieres, These, Universite d'Evry Val d'Esonne. 

[20] Levy, P. (1965) Processus Stochastic et Mouvement Brownian, 
Jacques Gabay, 2eme edition, Gautier-Villars. 

[21] Liao M. (2009) G-Browian motion in Lie groups, Preprint. 

[22] Lin Q. (2008) Some properties of G-expectation, Preprint. 

[23] Lin Q. (2008) Stochastic differential equations driven by G-Brownian 
motion, Preprint. 

[24] Lyons, T. (1995). Uncertain volatility and the risk free synthesis of 
derivatives. Applied Mathematical Finance 2, 117-133. 

[25] Nisio, M. (1976) On a nonlinear semigroup attached to optimal 
stochastic control. Publ. RIMS, Kyoto Univ., 13: 513-537. 

[26] Nisio, M. (1976) On stochastic optimal controls and envelope of 
Markovian semi-groups. Proc. of int. Symp. Kyoto, 297-325. 

[27] Pardoux, E., Peng, S. (1990) Adapted solution of a backward stochas- 
tic differential equation, Systems and Control Letters, 14(1): 55-61. 

[28] Peng, S. (1997) Backward SDE and related g-expectation, in Back- 
ward Stochastic Differential Equations, Pitman Research Notes in 
Math. Series, No.364, El Karoui Mazliak edit. 141-159. 

[29] Peng, S. (1997) BSDE and Stochastic Optimizations, Topics in 
Stochastic Analysis, Yan, J., Peng, S., Fang, S., Wu, L.M. Ch.2, 
(Chinese vers.), Science Press, Beijing. 

[30] Peng, S. (1999) Monotonic limit theorem of BSDE and nonlinear de- 
composition theorem of Doob-Meyer's type, Prob. Theory Rel. Fields 
113(4) 473-499. 

[31] Peng, S. (2004) Nonlinear expectation, nonlinear evaluations and risk 
measurs, in K. Back T. R. Bielecki, C. Hipp, S. Peng, W. Schacher- 
mayer, Stochastic Methods in Finance Lectures, 143-217, LNM 1856, 
Springer- Verlag. 

[32] Peng, S. (2004) Filtration Consistent Nonlinear Expectations and 
Evaluations of Contingent Claims, Acta Mathematicae Applicatae 
Sinica, English Series 20(2), 1-24. 

[33] Peng, S. (2005) Nonlinear expectations and nonlinear Markov chains, 
Chin. Ann. Math. 26B(2) ,159-184. 

[34] Peng, S. (2006) G-expectation, G-Brownian motion and related 
stochastic calculus of Ito's type, in Stochastic Analysis and Appli- 
cations, The Abel Symposium 2005, Abel Symposia • 2, Edit. Benth 
et. al., 541-567, Springer- Verlag. 

[35] Peng, S. (2008) Multi-dimensional G-Brownian motion and related 
stochastic calculus under G-expectation, Stochastic Processes and 
their Applications 118(12), 2223-2253. 

[36] Peng, S. (2007) Law of large numbers and central limit theorem under 
nonlinear expectations, in |arXiv:math.PR/0702358|/l 13 Feb 2007 



24 



[37] Peng, S. (2007) G-Brownian Motion and Dynamic Risk Measure un- 
der Volatility Uncertainty, in larXiv:0711.2834k l [math.PR] 19 Nov 
2007. 

[38] Peng, S. (2008) A New Central Limit Theorem under Sublinear Ex- 
pectations, larXiv:0803.2656V l [math.PR] 18 Mar 2008. 

[39] Peng, S. (2010) Nonlinear Expectations and Stochastic Calculus 
under Uncertainty — with Robust Central Limit Theorem and G- 
Brownian Motion, in larXiv:1002.4546 vl [math.PR] 24 Feb 2010. 

[40] Song, Y. (2007) A general central limit theorem under Peng's G- 
normal distribution, Preprint. 

[41] Song, Y. (2010) Properties of hitting times for G-martingale, 
I arXiv: 1001.49071 2 [math.PR]. 

[42] Soner, H.M., Touzi, N. and Zhang, J. (2009-2010) Martingale repre- 
sentation theorem for G-expectation, in arXiv:1001.3802 vl. 

[43] Soner, Touzi & Zhang (2010) Quasi-sure Stochastic Analysis through 
Aggregation, preprint. 

[44] Soner, Touzi & Zhang (2010) Dual Formulation of Second Order 
Target Problems, preprint. 

[45] Walley, P., (1991) Statistical Reasoning with Imprecise Probabilities, 
London: Chapman and Hall. 

[46] Xu, Jing and Zhang, Bo (2009) Martingale characterization of G- 
Brownian motion, in Stochastic Processes and their Applications, 
119(1), 232-248. 

[47] Yan, J. -A. (1998) Lecture Note on Measure Theory, Science Press, 
Beijing (Chinese version). 



25 



